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A simple physical model is presented for calculating the magnetization of dilute mag-
netic systems with hcp hosts which incorporates elements of both crystal-field theory and 
the molecular-field theory of spin-glasses. To permit the computation of the Ruderman-
Kittel-Kasuya-Yosida contribution, the interaction between the impurities is described by 
a randomly oriented effective internal exchange field h with a probability distribution 
P(h)=~/n2(~2+h2)2, where ~ is the most probable value of the internal field. The ob-
served crystal-field effects are analyzed in terms of an ionic fine-structure Hamiltonian of 
the form Dsi;, with the fine-structure parameter D proportional to spin-orbit coupling to 
second order. The model is used to account for the measured magnetization of both 
single-crystal MgMn and polycrystalline ZnMn alloys. 
I. INTRODUCTION 
Recent low-temperature magnetization measure-
ments l - 4 on very dilute ( < 100 ppm) magnetic sys-
tems such as MgMn, ZnMn, and ZnCr have shown 
that the crystalline electric field of the host can 
play a substantial role in determining the magnetic 
behavior of the impurity, in particular the nature 
of its ground state. In addition to such single-
impurity effects, these measurements also reveal 
the presence of a concentration-dependent interac-
tion which causes the low-temperature magnetiza-
tion (per impurity) to decrease with increasing im-
purity concentration, and which is attributed to a 
Ruderman-Kittel-Kasuya-Yosida (RKKY)-type 
coupling between the magnetic impurities. In this 
paper, we present a simple physical model for di-
lute magnetic systems consisting of 3d transition 
impurities dissolved in hcp host metals which can 
account for the measured magnetization and which 
incorporates elements of both crystal-field theory 
and the molecular-field theory of spin-glasses. 
There are currently two approaches with which 
to describe the behavior of magnetic impurities dis-
solved in metals: the ionic model (Hirst5) and the 
virtual bound-state model (Blandin and Friedel,6 
Anderson7). In the ionic approach, the impurity is 
assumed to possess a well-defined configuration d n 
(or fn) and the mixing interaction between the 
atomic d orbitals and the conduction-band states of 
the host is treated as a weak perturbation on the 
free-ion energy-level structure; on the other hand, 
in the virtual bound-state model of Anderson 
(within the Hartree-Fock approximation) the mix-
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ing interaction is assumed to dominate. However, 
in spite of these differences, both the ionic model 
and the virtual bound-state model predict that, 
when the orbital angular momentum of the impuri-
ty is quenched by crystal fields, there will be a 
fine-structure splitting of the impurity energy lev-
els due to the combined effects of the crystal field 
and spin-orbit coupling which, in systems with axi-
al symmetry, has the form 8,9 Dsl (with Da,,}, 
where A is the spin-orbit coupling constant). 
Moreover, both models yield a long-range 
Heisenberg-like exchange coupling between the im-
purity spins (mediated by the conduction electrons) 
of the form ~i,jJ(Rij)Si'Sj' whereJ(Rij ) is an os-
cillating function of the interimpurity separation 
Rij with an asymptotic form for large impurity 
separations given by A cos(2kFRij +ct»/(kFRij )3. 
In the virtual bound-state model this exchange in-
teraction is referred to as double-resonance cou-
pling lO and A =(25/21T)EFsin2e and ct>=ct>(f/J,EF ), 
where f/J is a scattering phase shift. In the ionic 
model, the exchange coupling mechanism between 
the impurity spins is known as the RKKY interac-
tion ll and ct>=0 and A = 91TZ2J2 /8Ef , where J is 
the sod exchange integral between the localized d 
electrons and the conduction electrons and Z is the 
number of conduction electrons per host atom. 
Whether approached from the point of view of 
the ionic model or the virtual bound-state model, 
the magnetic exchange interaction between the im-
purities can be described by an effective internal 
exchange field such that the effective field seen by 
the ith impurity due to all the other impurities is 
hi = ~JJ (Rij )Sj' The oscillatory nature of the in-
5987 © 1982 The American Physical Society 
5988 P. GASH, R. ROSHKO, AND O. G. SYMKO 25 
teraction coupled with the randomness in the posi-
tions of the impurities means that the effective 
field hi is the random variable and hence can be 
described by a continuous probability distribution 
p (h). This internal field distribution has been de-
rived for both the one-dimensional Ising Hamil-
tonian 12 and the full three-dimensional Heisenberg 
Hamiltonian I3 - 15; for the Heisenberg interaction it 
is given by p(h)=a/~(h2+a2)2. This is the 
form of the distribution which is used in the 
present calculation since it has been shown, by 
Walker and Walstedt,15 to bear a close resemblance 
to the distribution of internal fields obtained from 
computer simulations of a spin-glass. Moreover, 
the parameter a has a well-defined physical inter-
pretation: It is the most probable value of the 
magnitude of the internal exchange field. 
In Sec. II we present the Hamiltonian for the 
model hcp-host - 3d-transition-impurity system 
and we develop expressions for the magnetization 
for both single-crystal and polycrystalline samples 
as a function of temperature. In Sec. III we dis-
cuss the numerical integration techniques required 
to evaluate the theoretical expressions for the mag-
netization, and in Sec. IV we compare the calculat-
ed magnetization with the measured magnetization 
of a 5 ppm single crystal of MgMn and several po-
lycrystalline samples of ZnMn of varying concen-
tration. 
II. THE MODEL 
The model for our system consisting of a 3d 
transition impurity dissolved dilutely in an hcp 
host metal includes the effects of an external field 
Ro, an internal exchange field 11', and the crystal 
field due to the host. Figure 1 shows the relative 
orientations of the internal field, the external field, 
and the symmetry axis (c axis) of the crystal at one 
impurity site with respect to a fixed laboratory 
coordinate system xyz. The Hamiltonian for this 
model has the following form: 
(1) 
The first term Kef represents the effect of the 
host's crystal field. If the orbital levels of the im-
purity are split by the crystal field in such a way 
that the orbital angular momentum in the lowest 
level (or group of levels) is quenched, then the 
spin-orbit coupling between the ground level and 
excited orbital levels, in combination with the crys-
tal field, will produce a fine-structure splitting of 
the (2S + 1 )-degenerate spin multiplet which, up to 
second order in 'A (the spin-orbit coupling con-
stant), has the form16 8·Q·8. In the principal axis 




Q= 0 D 0 (2) -3 
0 0 2D -
3 
After transformating the Q tensor from the princi-
pal axis system to the xyz coordinate system in 
Fig. 1, the crystal-field contribution 8·Q·8, to the 
spin Hamiltonian, becomes 
Kef= D(cos21fo sin2e-+ )S;+D(sin21fo sin2e-+ )S;+D(cos2e-+ )S; 
+D sin1fo cos1fo sin2e(SxSy +SySx )+D cos1focosesine(SxSz +SzSx) 
+ D sin1fo cose sine(SySz + SzSy) , (3) 
where Sx, Sy, and Sz are the appropriate 
(2S + 1 ) X (2S + 1) spin matrices and where e and 
1fo are the polar angles which specify the orientation 
of the c axis with respect to xyz. 
The second term in the Hamiltonian K int de-
scribes the effect of the internal exchange field 
which arises from the exchange coupling between 
the impurity spins. At a given impurity site it has 
the form of a Zeeman interaction between the im-
purity spin 8 and the local internal field 11': 
(4) 
where 0' and 1fo' define the orientation of 11' in the 
xyz coordinate system in Fig. 1, and ILB is the 
Bohr magneton. As pointed out in the Introduc-
tion, the randomness in the positions of the impur-
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FIG. 1. Orientation of the external field lio relative 
to the internal field h and the c axis of the crystal. 
ities together with the oscillatory character of the 
exchange interaction ensure that the internal field 
h will be random variable which can be represent-
ed by a continuous probability distribution P ( h). 
For the three-dimensional Heisenberg form of the 
interaction, ~i.jJijSi·Sj' with Jij=A cos(2kFRij)1 
(kFRij )3, the distribution is given by13-15 
P(h---»- a 1 (5) 
- ~ (a2+h2)2 
The parameter a is the most probable value of the 
magnitude of the internal exchange field and is 
proportional to both the coefficient A in Jij and to 
the impurity concentration. 
The third term in the Hamiltonian cW'ext 
represents the Zeeman interaction between the im-
purity spin and the external field Ro and has the 
form 
(6) 
If the eigenstates and eigenvalues of the Hamil-
tonian in Eq. (1) are known then the thermally 
averaged value of the component along the external 
field direction of the magnetic moment at the ith 
impurity site in a fixed internal field hi can be ob-
tained from the following expression: 
ili(h i ,(); ,cp; , (),(p) 
~(n I gfLBSz In )exp( -En1kBTl 
n 
=----=----------~exp( -En1kBTl (7) 
n 
where the index n labels the various eigenstates 
In) and the corresponding eigenvalues En' and () 
and cp specify the orientation of the c axis with 
respect to the external field Ro. The magnetization 
of the sample is obtained by summing the contri-
butions ili from all the impurities in the crystal or, 
equivalently, by averaging the quantity il for a sin-
gle spin over all the possible values of the internal 
field using the probability distributions given in 
Eq. (5). For a single crystal with fixed values for 
() and cp, the magnetization along the external field 
direction is given by 
(8) 
where sing stands for single crystal, N is the num-
ber of lattice sites per unit volume in the host, and 
C is the fractional impurity concentration. In par-
ticular, the magnetization along the symmetry axis 
(c axis) of a single crystal is obtained from Eq. (8) 
by setting ()=O,cp=O, while the magnetization in 
the plane perpendicular to the symmetry axis is ob-
tained by setting ()=1T/2,cp=0. 
For a polycrystalline sample, an additional aver-
age must be performed over all the possible orien-
tations of the individual crystallites or, in other 
words, over all possible orientations of the c axis in 
Fig. 1. This average is calculated after the average 
over the internal field within a single crystallite 
has been completed. Thus the polycrystal magneti-
zation becomes 
(9) 
where poly stands for polycrystal. 
III. NUMERICAL METHODS 
The integrals appearing in expressions (8) and (9) 
for the magnetization cannot be performed analyti-
cally and require the application of numerical tech-
niques. All the integrals were evaluated using the 
Gauss-Legendre quadrature in the form l8 
f b _ b -a ~ (b -a)Yi+b + a f(x)dx= 2 ~w;/ , 
a j=1 2 
(10) 
where the Yi are the roots of the Legendre polyno-
mial Pn(y) of degree n and the weight factors Wi 
are given by 
Wj= 2 (I-Yi )[P~ (Yj )]2 
Values for Yj and Wj are tabulated by Stroud and 
Secrest. 18 A five-point scheme (n =5) was used 
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for all the angular integrations and a 40-point 
scheme (n =40) for the h integration. Moreover, 
since the form of the quadrature in Eq. (10) is ap-
propriate for a finite interval from a to b, the 
upper limit of infinity on the h integral was re-
placed by a finite value L (= BOA) in such a way 
that the internal field distribution P( h) in Eq. (5) 
was normalized to 0.99. This procedure introduces 
a negligibly small error ( < 0.05%) in the numeri-
cal results for the magnetization. 
IV. APPLICATIONS 
The expressions for the magnetization derived in 
Sec. II were applied to two different systems: 
single-crystal MgMn and polycrystalline ZnMn. 
Both systems have been analyzed previously2-4 us-
ing a spin Hamiltonian similar to that in Eq. (1) 
but containing only the crystal-field and external 
field terms (no RKKY term). For the MgMn sys-
tem, this analysis yielded an effective spin for the 
Mn impurity of S = + (assuming g = 2) and a 
fine-structure splitting parameter of D = +0.006K, 
while for the ZnMn system the values obtained for 
the effective impurity spin and the fine-structure 
parameter were S = 1 and D = - O. 070K, respec-
tively. These results are used in the following dis-
cussion. 
A. Single-crystal MgMn 
Figure 2 shows the magnetization per ppm of 
impurity along the c axis of a 5 ppm single crystal 
of MgMn, plotted as a function of 1 IT. The solid 
curves represent the calculated c axis magnetiza-
tion using the model described above while the er-
ror bars on the data points correspond to an es-
timated error of ± 15% in the analyzed Mn con-
centration. For the c axis magnetization, the ap-
propriate Hamiltonian is obtained by setting 8=0 
and l/J=O in Eq. (3), so that the direction of the 
external field Ho coincides with that of the sym-
metry axis (c axis) in Fig. 1: 
J¥'c = gILBHoSz 
+gILBH (Sxsin8'cosl/J' +Sysin8'sinl/J' 
+Szcos8')+D[S;-+S(S+ 1)] . 
(11) 
The solid curves in Fig. 2 were obtained by com-
puting the matrix elements of the Hamiltonian, 
9 
Sppm~Mn ~·O.OOIG 
8 c axl, 
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FIG. 2. Magnetization along the c axis of a 5 ppm 
single crystal of MgMn as a function of the reciprocal 
temperature. 
(M; I J¥'c I Ms > where the I Ms > are the eigen-
states of Sz, diagonalizing the associated 6 X 6 ma-
trix for S = + and D = +0.006K to obtain the 
eigenvalues and eigenvectors, and then using Eqs. 
(7) and (8) to calculate the magnetic moment per 
impurity (ji) and the magnetization. The curve for 
A=O.OOI G illustrates the effect of the crystal 
field in the presence of a negligibly small internal 
RKKY field [since the upper limit on the h in-
tegral in Eq. (8) was replaced by a value propor-
tional to A, setting A=O causes the h integral, and 
hence the magnetization, to vanish], while the 
curve for A=90 G provides the best fit to the ex-
perimental data. Similar fits to the data points 
corresponding to the extreme ends of the error bars 
in Fig. 2 yield lower and upper bounds for A of 56 
and 125 G, respectively. 
Figure 3 shows the probability distribution for 
the modulus of the internal field, P(h)=41Th 2p(h) 
=4Ah2/rr(A2+h2)2, the thermal average of the 
magnetic moment per impurity ji (in units of gIL B), 
and the product jiP(h)/gILB, which appears in the 
integrand of Eq. (8), plotted as a function of the 
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FIG. 3. Probability distribution for the modulus of the internal field P(h), the thermal average of the magnetic mo-
ment per impurity fl, and the product flP(h)/gI-"B as a function of internal field h at l/T=50. 
internal RKKY field h for the special case where 
8'=0 and cp'=O, and for a=90 G and a fixed in-
verse temperature of liT = 50 K -I. The probabil-
ity distribution P (h) possesses a "hole" at the ori-
gin (h =0) and a sharp peak at the most probable 
internal field a, while the impurity moment Jl in-
creases monotonically with internal field and even-
tually saturates above h -1000 G. It should be 
pointed out that, in the present calculation, the 
most probable internal field a, and hence the pro-
bability distribution P(h), is assumed to be in-
dependent of temperature. Since random 
molecular-field theories of spin-glasses require a to 
vanish above the spin-glass freezing tempera-
ture,19,20 the present form of the model does not 
yield an abrupt transition between the spin-glass 
and paramagnetic regimes, but instead relies on 
thermal energy to gradually render the RKKY 
fields ineffective as the temperature increases. 
However, a comparison of the calculated curves for 
a=90 G and a=O.OOI G in Fig. 2 shows that, for 
sufficiently high temperatures, the calculated mag-
netization approaches single-impurity behavior in 
spite of the presence of a temperature-independent 
internal field distribution. (The tempetature depen-
dence of a and its relationship to the spin-glass 
freezing temperature are currently being investigat-
ed in detail at the ppm level in the spin-glass sys-
temAgMn.) 
Figure 4 shows the magnetization per ppm of 
impurity along the a axis of another 5 ppm single 
crystal of MgMn plotted as a function of I IT. 
For the a axis magnetization, the external field H 0 
lies in the plane perpendicular to the symmetry 
axis (c axis) of the crystal, and the corresponding 
Hamiltonian is obtained by setting 8 = 1T' /2 and 
cp=O in Eq. (3). As before, the eigenvalues and 
eigenvectors of Ka were determined by diagonaliz-
ing the 6 X 6 matrix representing the Hamiltonian 
5 for S = 2"' and Eqs. (7) and (8) were used to com-
pute the magnetization. The solid curves in Fig. 4 
correspond to the calculated a axis magnetization, 
with the curve for a=O.OOI G illustrates the effect 
of the crystal field for D = +0.006K and for a 
vanishingly small internal field. The curve for 
a = 56 G provides the best fit to the measured a 
axis data, with similar fits to the extreme ends of 
the error bars in Fig. 4 yielding lower and upper 
bounds for a of 40 and 75 G, respectively. A 
comparison of the best-fit values for the most 
probable internal field along the a and c axis shows 
that aa and ac overlap within the experimental er-
ror, lending consistency to the assumption (implicit 
throughout the calculation) of an isotropic proba-
bility distribution P( Ii'). 
B. Polycrystalline ZnMn 
Figure 5 show the magnetization per ppm of im-
purity (in an external field H 0 = 88. 2 Oe) of four 
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FIG. 4. Magnetizatien aleng the a axis .of a 5 ppm 
single-crystal MgMn as a functien .of liT. 
polycrystalline samples of ZnMn with concentra-
tions varying from 1.1 to 6.8 ppm Mn, plotted as a 
function of 1 IT. The solid curves in the figure 
represent the calculated magnetization for various 
values of the parameters D and 6., while the error 
bars on the data points correspond to the following 
estimated uncertainties in the analyzed Mn concen-
trations: C=1.1±0.2, 5.7±0.5, 16±1, and 68±7 
ppm. For a polycrystalline system, the angles e 
and ifJ, which specify the orientation of the c axis 
with respect to the external field (see Fig. 1), are 
now variables of integration and hence all the 
terms appearing in Eqs. (3), (4), and (6) must be in-
cluded in the corresponding polycrystalline Hamil-
tonian. Moreover, since the Mn impurity has an 
effective spin of S = 1 when dissolved in Zn, the 
eigenvalues and eigenvectors of the Hamiltonian 
are now obtained by diagonalizing a 3 X 3 matrix 
in the I M.) representation, and the calculated 
magnetization is obtained from Eqs. (7) - (9) by 
averaging the single-crystal result for fixed e and ifJ 
over all possible orientations of the crystallites. 
The curve for D =OK and 6.=0.001 G in Fig. 5 
shows the magnetization for a system of free im-
eo,-----------------------------, 
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FIG. 5. Magnetizatien per ppm .of impurity fer pe-
lycrystalline ZnMn samples as a functien .of liT. 
purity spins (i.e., a Brillouin function S = 1) in the 
limit of zero crystal field and a negligible internal 
field, while the curve for D = -0.070K and 
6. = O. 00 1 G illustrates the effect of the crystal 
field appropriate to ZnMn (suitably averaged over 
all the crystallites) for a vanishingly small internal 
field. The remaining curves for D= -0.070K and 
6.= 100, 250, 470, and 950 G represent the best fits 
to the experimental data. Figure 6 shows a log-log 
plot of the best-fit values of 6., the most probable 
internal field, for ZnMn as a function of the frac-
tional impurity concentration C (in ppm). The 
vertical error bars in this figure were obtained by 
fitting the theoretical expression for the polycrys-
talline magnetization to the data points corre-
sponding to the upper and lower ends of the error 
bars in Fig. 5. Random molecular-field theories of 
spin-glasses predict a variety of concentration 
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dependences for Ll: For the 3D Heisenberg model, 
with the internal field distribution P( h) given by 
Eq. (5), Ll has been shownl3•15 to vary linearly with 
impurity concentration, while, for the 1D Ising 
model, Klein l9 has shown that the appropriate pro-
bability distribution has the form of a Lorentzian 
for small internal fields with Ll ex: C, and a Gauss-
ian for high internal fields with Ll ex: C 1/2• For the 
ZnMn system, the straight line in Fig. 6 corre-
sponds to a concentration dependence of the form 
Ll=KCn with n =0.56~g:n and K =94.8+~g:~ 
Gauss/(ppm)n. 
V. ESTIMATES FOR THE s-d COUPLING 
CONSTANTJ 
For a three-dimensional Heisenberg distribution 
of internal fields, the expression which relates the 
internal field parameter Ll (in ergs) and the impuri-
ty concentration C (in at. %) for an fcc lattice is 
given by15.21 




where Z is the number of conduction electrons per 
atom, n is the density of conduction electrons, J is 
the s-d exchange constant (in ergs), EF is the Fermi 
energy (in ergs), a is the lattice constant, and S is 
the impurity spin. In order to obtain the form ap-
POLYCRYSTALLINE Zn Mn 
1000 
100 
propriate to an hcp host, Eq. (12) is modified by 
replacing the site density for an fcc lattice (4/a 3 ) 
by the corresponding site density for an hcp lattice 
(4/V3ca 2 ): 
Ll= [ Z2J2S1O- 4 Ie 
2V3guBca 2nEF ' 
(13) 
where Ll is now in units of gauss and e is in units 
of ppm. 
Ifthe quantity in parentheses in Eq. (13) is as-
sumed to be independent of the precise form of the 
concentration dependence for Ll, then equating this 
quantity with the value of K determined experi-
mentally for the ZnMn system in the preceding 
section, yields an estimate for the s-d exchange 
constant J. Taking Z =2, n = 1.316X 1023 cm-3, 
EF =9.46 eV, c =4.9469 A, and a =2.6647 A for 
Zn, and using g =2 and S = 1 for the Mn impuri-
ty, we obtain 
I J(ZnMn) I =0.64~g:M eV . 
A similar estimate for the MgMn system was 
obtained by using Eq. (13), with e replaced by 
CO.56, in conjunction with the experimentally deter-
mined values for Ll. Taking Z =2, n =8.261 
n -3 • X 10 cm ,EF=7.313 eV, c =5.2103 A, and 
• " • 5 a =3.2094 A lor Mg, and usmg g =2 and S = '2 
for the Mn impurity (with C = 5 ppm) yielded for 
MgMn: 
50~~LU~--~--~~~-L~~ ____ ~ __ ~~~~~U 
~ ~ 00 
c (ppm) 
FIG. 6. Concentration dependence of the parameter A, the most probable value of the internal field, for polycrystal-
line ZnMn. 
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I J(c axis) I =0.22±0.04 eV , 
I J(a axis) I =0.18:::8:g~ eV , 
showing that the two values for J overlap within 
experimental error. 
Our estimates for the s-d exchange parameter J 
are comparable to the values quoted in the litera-
ture for these and related systems. For ZnMn, 
Smith22 obtained I J I =2.6 eV, while Hedgecock 
and Rizzut023 obtained I J I = 1. 37 eV. (Such 
variations in J may be a consequence of the dif-
ferent concentration regimes examined by the vari-
ous authors, since a reduction in the mean free 
path of the conduction electrons leads to a self-
damping of the RKKY interaction. We have 
neglected this effect in our analysis.) Our estimates 
for MgMn are also comparable to those obtained 
for MgGd (J =0.2 eV) and MgEr (J =0.16 eV) 
from the EPR measurements of Zimmermann 
et al. 24 It should be pointed out that the present 
analysis yields I J(MgMn) I < I J(ZnMn) I ; this is 
consistent with the fact that the effective spin of 
the Mn impurity in Mg (S =2.3) is close to its 
free-ion value which implies less mixing between 
the impurity and the conduction electrons in the 
MgMn system. 
IV. CONCLUSION 
A simple physical model has been presented for 
dilute magnetic systems with hcp hosts which is 
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as a function of temperature, based on the model, 
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